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Sequential Conditional (Marginally Optimal) Transporton Probabilistic Graphsfor Interpretable Counterfactual Fairness

L Introduction

Individual Fairness

“Had the protected attributes of the individual been different, would the decision
provided by the model have remained the same?”

Focus on individual fairness rather than

group fairness

Build a counterfactual individual and and compare the model’s prediction.

Two philosophies:
m Ceteris paribus: changing the sensitive attribute only, all other things equal.
m Mutatis mutandis (this paper): the
sensitive attribute may influence other variables that also need to be adjusted

alongside it.
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L Introduction

Intuitive Example

Consider the height of females and
What is the counterfactual of a female
with height 170cm (=5" 7") had she
been a ?
Within the distribution of females, this
corresponds to a quantile level
o = 84.8%.

B Fremale(170) = 84.8%. | | | | | |

150 155 160 165 170 175

height distribution (F)
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L Introduction

Intuitive Example

The corresponding quantile in the
height distribution of is:
m F ! (84.8%) = 184cm (= 6').
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L Introduction

Intuitive Example

S :

Counterfactual of a 170cm (=5" 7") female < & 150 160 170
had she been a 7 S 4 .
S5 ®© 2
a - o 3

T*(]'?O) = ( © Ffemale )(170) ﬁ o o |84.8%
, T S ~
=184 cm (= 6'). £ 0 o
= 3
< I

150 160 170

height distribution (F)
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L Introduction

A Few Notations

Y: observed outcome.
m e.g., loan approval (Y € {0,1}, premium (Y € [0,1]), earnings (Y € R).
S € {0,1}: binary sensitive attribue requiring fairness consideration.
m e.g., race (S = Black, ), sex (S = {Female, H.
X: features that may be influenced by the sensitive.
Y*(0), . potential outcomes in the protected/ groups.
If we observed outome Y for some individual in group S = 0,

the counterfacual outcomes would be
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L Introduction

Mutatis Mutandis: Two Key Approaches

Causal Graphs

m Based on the causal inference framework

m Strong advantage: explainability
CATE = E| — Y*(0) | X =x]=0

Tpotential outcomes protected group

Optimal Transport

m Treat fairness adjustment as a problem in probability spaces.

E[ | ] = E[ Y*(0) [X = x]=0

Our contribution: sequential transport unifies these two approaches.
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LGraphical Models and Causal Networks

Graphical Models and Causal Networks

A Directed Acyclic Graph (DAG) G = (V, E) models relationships between
variables as nodes (V') and edges (E).

X2
Such a causal graph imposes some ordering on variables, referred to as
“topological sorting” . Here,

SX%—=>X1—>Y.

The joint distribution of X = (X1, ..., Xy) satisfies the Markov property:
d

Plxt, - xg] = [ ] Plx|parents(x;)],
Jj=1
where parents(x;) are the immediate causes of x;.
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LGraphical Models and Causal Networks

Counterfactual for Non Linear Models

From , let C, X, E be absolutely continuous, and consider i where
E; = h;i(parents(E;), U;) with parents(E;) = x fixed.

Define hj,(u) = hi(x, u).
ei = hj|«(u;) represents the conditional quantile of E; at probability level u;.

Its counterfactual counterpart e is the conditional quantile (conditioned on x*)
at the same level u;.

uf Uj( ULE C = he(Uc) “f ”f C =c (ordo(C = ¢))
C— X— E X:hX(C, Ux) c — — E* Xg:hX(C’UX)
S E = ho(C, X, Ug), NS Er = he(c, Xz, UE),

where u — hc(-,u), u hy(-,u) and v+ he(-, u) are strictly increasing in u, Uc, Ux
and Ug are independent, supposed to be uniform on [0, 1].
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LOptimal Transport

Optimal Transport and Monge Mapping

Optimal Transport: how to find the best way

to transport mass from one distribution to
while minimizing a given cost.

It involves constructing a joint distribution

(coupling) between two marginal probability

measures .

Consider a measure pg (resp. u1) on a metric From : Mémoire sur
space Xp (resp. A7). The goal is to move every  la théorie des déblais et des
‘(Aeler.ngntary m?ss from pg to w1 in the most ) excavation
efficient way.
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Univariate Optimal Transport Map

7 From , the optimal Monge
4 map T* for some strictly convex cost ¢ such
4 that T p0 = p1 is:

distribution (group 1)
2 0

-4
1
\'
*
Il
@]
J1

T 1 1 1 N
-4 -2 0 2 4 Cdf ]COF /_[0

distribution (group 0)
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LSequential Transport

Topological Ordering (1/4)

Step 1: Assuming a causal graph G.
Step 2: Derive the topological ordering from the DAG:

Knothe-Rosenblatt
rearrangement Ti(xl)
, inspired by the g*(X2|X1)
Rose_nblatt dlam rule: Tir(x1,++ y xq) =
provides the “monotone lower *
, " i : Tdfl(deﬂXh St Xd-2)
triangular map” (“marginally ?( | )
H " XA|X e XA_
optlmal ) d d| X1, s Xd—1

— Sequentially mapping X|S = 0 to X] by conditioning on each preceding node in

the topological order.
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LSequential Transport

Topological Ordering (2/4)

Sequential Transport extends the Knothe-Rosenblatt map to transport individuals
from X|S = 0 to X| , while respecting any assumed underlying causal graph.

The sequential conditional transport on graph G writes:
T (x)
T3 (x2| parents(x2))
T5(x1, -+ xq) = :

T)_1(xg—1| parents(xq_1))
T} (xq| parents(x4))
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LSequential Transport

Topological Ordering (3/4)

sex s housmg
/ duration
default
savmgs
\\Jg credit purpose Step 1: Asusming a causal graph G.

age

Causal graph in the German Credit dataset from
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LSequential Transport

Topological Ordering (4/4)

housing x4

sex s ,
/ / duration xg
job x» savings X3 ﬁault 4

credit x5> purpose xz

age x1 \_/

Causal graph in the German Credit dataset from
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Step 2: sequential conditional
transport based on a topological
ordering:

T (x)
T3 (x2|x1)
T3 (x3lx1, x2)
Té(Xl7'“ 7X7) - TZ(X4|X27X3)
Tg(X5‘X1,X2,X4)
Tg (x6|x3, x5)
T7*(X7]x1, X4, X5, X6)
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LSequential Transport

Example With Simulated Data

We generate a sample {(S;, X1;, Xai, Y1) }2%9, with S € {0,1},
and the covariates X = (X1, X3) are drawn from two bivariate
Gaussian distributions with group-specific parameters.

2
x=[% s = (FX), T = 7o ps’§1’x2 , for
X2 /’LS,XQ pS7X1,X2 O.S’X2
s=1{0,1}.

Each outcome Y is drawn from a Ber(ps) with

ps = exp(etas)/(1 + exp(etas))

no = 0.6X1 + 0.2X2
where
n1 = 0.4X; + 0.3X2.

Let us focus on individual (s = 0,x; = —2,x = —1).
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Estimated Densities of the
Simulated Data in Both
Groups.
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LSequential Transport

Transport x; | s From Group 0 to Group 1

<t —
=
AN — u g‘
o <
o =2
° s °
AN _| = (3¢
| > <t |
Q0 |
<« = T T 11
[ n
5 -4 0 4
| | | |
4 2 0 2 a4 distribution (group 0)

Sequential Transport (simulated data). Red square: multivariate OT. transport x; | s .
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LSequential Transport

Transport x; | x;, s From Group 0 to Group 1

<t —
=
N » g
o <
o =2
8 c s °
N > = ™
. = s . .
Q0 |
4 = T T 11
T - 7
5 -4 0 4
| | | |
4 2 0 2 a4 distribution (group 0)

Sequential Transport (simulated data). Red square: multivariate OT. transport x; | x1, s
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LSequential Transport

Code

This can be easily done with our @ functions from our small package:

remotes::install_github(
repo = "fer-agathe/sequential_transport", subdir = "seqtransfairness")
library(seqtransfairness)
sim_dat <- simul_dataset() # Simulate data
variables <- c("S", "X1i", "X2", "Y")
adj <- matrix(

#S X1 X2V

c(0, 1, 1, 1,# S
0, 0, 1, 1,# X1
0, 0, 0, 1,# X2
0, 0,0, 0 #%Y

Do

ncol = length(variables), byrow = TRUE

dimnames = rep(list(variables), 2))
# Sequential transport according to the causal graph
transported <- seq_trans(data = sim_dat, adj = adj, s = "S", S_0 =0, y = "Y")
predict(transported) # Transp. values from S=0 to S=1, using the causal graph.
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LInterpretable Counterfactual Fairness

Interpretable Counterfactual Fairness

Now, assume a logistic regression model was fitted on the simulated data and returned
scores according to:

m(x1,x0,5) = (L+exp[— (1 +x2)/2+ 1(s = 1))]) "

Observation: (s=0,x; = —2,x = —1) / l \
Prediction : m(0,—-2,-1) = 18.24%. \
Pred. with Seq. T : m( LX) =61.4% \\J
Pred with OT : m( ,XE,x3) — 56.5% Assumed causal structure.
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LInterpretable Counterfactual Fairness

Counterfactual assuming X, is caused by X

I I I I I I I I I I
-4 -2 0 2 4 -4 -2 0 2 4
Predictions by m of: the observation using factual (left), counterfactual (right):

counterfactual by Seq. T. (assuming X; — X3) and optimal. transport .
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LInterpretable Counterfactual Fairness

Decomposition of the mutatis mutandis difference

The

= m(s=1,x,x)—m(s=0,x3,x2) :—10.66% (cet. par. diff.)

m(s=1,x7,x3) — m(s =1,x{,x2) :+38.18% (change in xz|x7) .
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LInterpretable Counterfactual Fairness

Counterfactual assuming Xj is caused by X;

-4 -2 0 2 4 -4 -2 0 2 4

Predictions by m of: the observation using factual (left), counterfactual (right):

counterfactual by Seq. T. (assuming X; — Xi) and optimal. transport .
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Application on Real Data

& Law School Admission Council Dataset
-

1st year law school grade (FYA) > median? UGPA X;
(Y e{0,1}) _— —
4»  Race (s € {Black, 13 e 5 M LSA# x5 SUA 7
x Undergrad. GPA before law school (x;, UGPA) \\/
Law School Admission Test (x2, LSAT)

e . . . A d I h.
Q5 Logistic model (aware, i.e., including S) ssumed causal grap

Predictions with: factuals , (cet. par.), optimal transport, fairadapt,
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LInterpretable Counterfactual Fairness

Application on Real Data

‘“ gFactuals - Black _Multi. OT
I

_ ® Factual o _ .
Naive 42.51% T T T 1
% — @ OT 40.51%e & 0.0 0.2 0.4 0.6 0.t
. ' [ee]
|  Fairadapt 3

%— Seq. T.  ; © T T T 1
0| ! 00 02 04 06 O

Y / © 3 fairadapt
n ! © T T T T |
§ _ 8.82% o 3O.O 0.2 0.4 0.6 0.t

© = T T T 1

©
! X, (ucca)
30 35 00 02 04 06 Of

2.0 2.5
Pred. for a Black indiv. using their factual and Densities of predicted scores. Yellow line:

counterfactual characteristics
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LInterpretable Counterfactual Fairness

Global Fairness Metrics

A model m satisfies the independence property if m(X,S) L S, with respect to the
distribution IP of the triplet (X, S, Y)

Demographic Parity - E[ Y | S=A] = E[VY | ]

Demographic Parity can be extended to Counterfactual Demographic Parity,
allowing fairness assessment within subgroup s = 0:

1
CDP = — Z m(1, x7) — m(0, x;),
Mo i€Dy

i.e., “average treatment effect of the treated” in the classical causal literature.
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LInterpretable Counterfactual Fairness

Global Fairness Metrics

Fairadapt multi. OT
Aware model 0.38 0.37
Unaware model 0.19 0.18

Table 1: Counterfactual Demographic Parity comparing predictions using (s = 0, x) (factuals)
and using (x = 1, x*) (counterfactuals), for the aware model (which includes S) and the unaware
model (which does not).
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L Conclusion

Conclusion

We introduced sequential transport as a novel approach to individual fairness:
m Linking causal graph approach to optimal transport approach.
Provides an interpretable closed-form solution.

arXiv:2408.03425 fer-agathe/sequential_transport

Agathe Fernandes Machado Ewen Gallic Arthur Charpentier
Comments are welcome: & fernandes_machado.agathe@courrier.ugam.ca
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