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Mathematics Meets Morality:Fairness Through a Mathematical Lens
L Context

An Introductory Example: Risk Prediction with a Poisson Model

We want to make on an outcome
variable (e.g., claim frequency, loan default risk,
recidivism).

To do so, we use a , or a

machine learning model fed with

To comply with regulations, we want to obtain
a model that with
respect to a sensitive attribute.

Digital illustration of fairness and machine learning generated
using DALL-E 3. Retrieved from ChatGPT Interface.
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An Introductory Example: Risk Prediction with a Poisson Model

Assume for example that we want to predict using a Poisson regression
model, using three predictors.

Let us assume that the number of claims y has a Poisson distribution with a conditional
mean that depends on some features X according to the following structural model:

E(yi|Xi) = exp (XiB)

contains three features :
A binary variable indicating whether the insured lives in an urban area.
The insured’s age.

The insured’s gender.
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An Introductory Example: Risk Prediction with a Poisson Model

The predicted value will thus be:

j}(man) = exp {/80 + éllurban + B2age + 33}
f/(woman) = exp [BO + Bllurban + /32age]

Hence:

y(man) = exp {50 + B1lurban + aage + 3 lman:| = y(woman) - exp[fs]
I iy

x e ceteris paribus
If 53 is small, e’ ~ 1+ B3. Thus, if 3 = 0.2, it corresponds to +20% for men.
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An Introductory Example: Risk Prediction with a Poisson Model

In the previous example, the estimates indicate that men are at higher risks than
women.

With such insight from the data, should the premium paid by men to an insurance
company be higher than that paid by women?

In other words, should the insurance company discriminate by gender in such a
context?
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A Sketch of Insurance Business

Assume the following overly simplistic situation (adapted form ):
A pool of insured made of 10 people: 5 women and 5 men.
of having an accident in the upcoming year of 10%.

In the event of an accident, the insurance will pay the insured $1,000.

AeAeA~ """
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Actuarial Fairness

TO b e , t h e [ —

How Fair Is Actuarial Fairness?
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Expected Annual Loss

LT CEEEE

10% 10% 10% 10% 10% 10% 10% 10% 10% 10%

In such a situation, the is: 10 x .1 x $1,000 = $1, 000.

Since all the individuals have , they should be charged with a $100
premium each.

For questions on fair allocation in Game Theory, see, e.g.,
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Unequal Risks

Now, assume that among the 10 insured, 5 of them engage in
(speeding, aggressive overtaking) which doubles their

eeeeer ra

The becomes: (5 x.1+5x .2) x $1,000 = $1,500
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Unequal Risks

If premiums remain at $100, the insurance company will not be able to indemnify
the unlucky drivers: the collected resources will be insufficient to cover the losses.

How should the premiums be adjusted?

If the premium is increased by $50 for each insured:
m Actuarially sound, account for the general increase in risk exposure in the population.
m But, . low-risk drivers subsidize high-risks.

m May entail and
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Actuarially Fair Prices

The premium paid by drivers may remain unchanged ($100) but be
doubled ($200) for drivers:
m Actuarially sound solution: risk-based, allows the insurer to cover the expected annual
loss.

m Actuarially fair solution:
m individuals with similar risk levels pay similar amounts ( ),

m those with higher risks pay correspondingly higher premiums ( ).
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Risk Classification

In that previous toy example, the insurer needs to correctly and

Producing Solidarity, Inequality and Exclusion
“ ‘Through Insurance

Turo-Kimmo Lehtonen - Jyr Linkko

Ewen Gallic | & egallic.fr | SUMM 2025, Montréal 12 / 58


https://egallic.fr/

Mathematics Meets Morality:Fairness Through a Mathematical Lens

L Context

Risk Classification

Now, let us assume that the insurer no longer observe risk, and uses to estimate
the risk of the insured. They obtain the following estimates:

o

Estimated risk: 12% Estimated risk: 18%
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Risk Classification

The pool of insured is thus segmented into two groups:
m Women: low-risk, with a $120 premium,
m Men: high-risk, with $180 premium.

While this solution allows the insurer to cover the expected annual loss, it is
. individuals in each segment do not pay a premium

according to their risk.

Note that if the insurer knew the individual risks and still decided to charge women
a $120 premium and men a $180 premium, this would correspond to an
equalization of pool members’ risk premiums, also termed in
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Policymakers Point of View: Europe

Europe: Court of Justice of the European Union — 2011

through )
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Policymakers Point of View: Québec

Québec: Charte des droits et libertés de la personne (C-12, Article 20.1)
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Policymakers Point of View: Colorado

The Colorado Division of Insurance issued a regulation (effective November 14,
2023) titled: “Governance and risk management framework requirements for life

insurers’ use of external consumer data and information sources, algorithms, and
predictive models”. Section 5-A. writes:
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Policymakers Point of View: Definition of (Un)fair Discrimination

Colorado Revised Statutes (10-3-1104.9):
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Is Risk Classification Fair?

One might ask if discriminating based on gender in our toy
example is fair or not.

Enacting Actuarial Fairness in

. . rom Fair D ion to
On the one hand, enacted legislation Behaviour-based Fairness ‘
based on some s e

protected characteristics
On the other hand, argue they need to know
people’s risk in advance.

"( through
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Fair Discrimination in Insurance: an Oxymoron

on the one hand, policy makers
treat their insureds equally, without discriminating
race, gender, age, or other characteristics, even if it makes statistical sense

]
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Some Definitions: Discrimination

In economics, following

situations in which individuals are treated differently based on
attributes such as race, gender, etc., rather than their
productivity or other relevant characteristics.

m (or taste-based discrimination):
intentional discrimination, where individuals are treated
differently explicitly because of a protected characteristic.

] . policy, practice, or decision that appears
neutral on the surface disproportionately affects members of a
protected group, even without intentional discrimination.
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Some Definitions: Statistical Discrimination

Ewen Gallic |

@
W

egallic.fr | SUMM 2025, Montréal

(see, e.g.,

): individuals are treated differently based on group-level
statistical averages, rather than their individual
characteristics. They do not arise from prejudice or bias but
from
and using group membership as a for individual traits.
Some forms of discrimination are considered unacceptable

. separating or classifying observations into
distinct groups based on measured characteristics. In this
context, discrimination is purely a statistical operation with
no connotation of social bias or inequality.

However, statistical discrimination may lead to:

m Reinforcement of Biases (through lack of opportunities).

m Legal and Ethical Concerns.
22 / 58
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Some Definitions: Algorithmic Fairness

Let m: X — ) be a predictive model that predicts an outcome Y (e.g., claims)
w.r.t. a sensitive attribute S € S (e.g., gender, race) using features X.

Regulations may prohibit on the sensitive attribute, requiring m to
be fair w.r.t. to S.

Approaches to and, if necessary, the unfairness of model
predictions Y = m(X) for S:

L . compare Y between groups defined by S, e.g., salary for males vs.
salary for females

L : focus on a specific individual in the disadvantaged group
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Actuarial Fairness and Accuracy

Ewen Gallic |

Recall that following

But, with different models and different portfolio, we can have different premiums.

m There is no law of one price in insurance.

: []
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Actuarial Fairness and Accuracy

Premiums are based on an that maximizes
= arg min or = arg min
vER yER

i.e., we want to minimize the error between observed loses y and predictions y.

m If the prediction is a binary outcome y € {0,1} (e.g., accident, default), it is hard to
assess if § = 8.2740164% is accurate or not.
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Actuarial Fairness and Accuracy

Does accuracy for a single individual make any sense?
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Actuarial Fairness and Accuracy

Is the predicted value well estimated? *

If 40 out of 100 in this group are found to have the 5
disease, the risk is é .|
If 10 out of 100 in this group are found to have the N
disease, the risk is : 8 3

The prediction m(X) of Y is a prediction if: EE

]E[ ‘ ] = ; V}? | | Predicted ;isk
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Actuarial Fairness and Accuracy

A model will be:
Globally if:

Locally well balanced, or if:
E[ Y | | =E[Y | 1=y v

For more details on calibration see
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How Can Fairness be Quantified?

We would like to of a m(-) trained on a set
{(yi, xi,si)}!_1, where y is the value to predict (i.e., the outcome), x is a set of
(unprotected) predictors, s is a protected attribute, and i € {1,..., n} denotes an
individual.

The outcome may be:
(classification task):
m §; = 1(/m(x;,s;) > threshold) € {0,1}
(regression task):

~

m §; = m(x;,s;) €[0,1]: a score

~

m ;= m(x;,s;) € R: a premium
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How Can Fairness be Quantified?

As mentioned earlier, algorithmic fairness can be defined in multiple ways (see
for a brief overview, or ).

Most metrics focus on differences in treatment between protected and
non-protected groups.

Here, we focus on three metrics: , , and

Individual fairness will be briefly mentioned later.
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Group Fairness: Demographic Parity

A model m satisfies the if m(X,S) 1L S, with respect to the
distribution P of the triplet (X,S,Y)
sensitive sensitive
— —
—E[Y | S=A] = E[Y | S=B]
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Group Fairness: Equalized Odds

A model m satisfies the if m(X,S) 1L S| Y, with respect to the
distribution P of the triplet (X, S, Y)
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Group Fairness: Calibration

A model m satisfies the if Y 1L S| m(X,S), with respect to the
distribution [P of the triplet (X, S, Y)

—SE[Y | ,S=A] = E[Y | , S=B],Vu
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[llustration With the COMPAS Dataset

The algorithm “Correctional Offender Management Profiling for Alternative
anctions” attributes a score to each convicted individual in some states in the
U.S.A, to estimate the likelihood of them committing a crime again if they are

released from prison.
This scoring classifier uses more than 100 predictors.

Race is not one of them. However, when looking at the predicted values of the
model, claimed it was biased against Black people.

The dataset they used is now available in an R packages: fairness.
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Equality of False Positive Rates?

looked at the g1 Black e

: Did not
For Black people , among those who . & o
did (v), 42% were ;

(5 #9). P
For White people , among those who §
did . 22% were T BT
Since 42% > 22%: : . o o
Risk Category
P | , S = Black | = 42%=P][ , S = White | = 22%
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Another Metric, Another Result...

(recidivism rate at each risk level) Loa

For Black people , among those who . &

were ), ;

35% did ).

For White people , among those who §

were . 40% T E

did . N B ao%
Since 35% ~ 40%: : S S

Risk Category
P | , S = Black | = 35%=P][ , S = White | = 40%
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Mitigation

Some techniques can be used to prevent models from perpetuating biases with respect
to the sensitive attribute. These techniques can be applied at several stages

. transform source data to remove biases before model training.

(not addressed here): modify algorithms to embed fairness
constraints during training.

. alter models after training to correct unfair outcomes.
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Group Fairness: Adjusting the Probability Threshold

We focus on (y € {0,1}).
—P| | S=A] = P| | S=B]
These decisions are usually based on , using a
—P| >7| S=A] = P| >7| S=B]

Demographic Parity can be achieved

— P[ >7a | S=A] = P| > 78 | S=B]
It is then usually impossible to achieve with this strategy.

Ewen Gallic | & egallic.fr | SUMM 2025, Montréal 40 / 58


https://egallic.fr/

Mathematics Meets Morality:Fairness Through a Mathematical Lens
LMitigation

For a Scoring Classifier

When facing a rather than a binary decision:
—P[ | S=A] = P| | S=B]
We can look at the of that score in the protected group and replace it

with the quantile at that level in the unprotected group.

This strategy corresponds to the score from the protected group to the
unprotected one.
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Optimal Transport and Monge Mapping

: how to find the best way
to transport mass from one distribution to
another while minimizing a given cost.

It involves constructing a
(coupling) between two marginal probability

measures .

Consider a measure pg (resp. u1) on a metric From : Mémoire sur
space Xy (resp. X1). The goal is to move every  |a théorie des déblais et des
elementary mass from pg to pq in the most remblais.

“efficient way.”
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Optimal Transport and Monge Mapping

Definition
Let Xy and X7 be two metric spaces. Suppose a map T : Xy — A7

The push-forward of o by T is the measure j11 = Ty po on X7 s.t.
VB C X, T##O(B) = /.Lo(T_l(B))

Proposition

For all measurable and bounded ¢ : X1 — R,

[ #0) dTpruolx) = [ o(T(0)) daola) -

1 X0

Ewen Gallic | & egallic.fr | SUMM 2025, Montréal 43 / 58


https://egallic.fr/

Mathematics Meets Morality:Fairness Through a Mathematical Lens
LMitigation

Optimal Transport and Monge Mapping

Proposition
If Xy = X is a compact subset of R? and o is atomless, then there exists T such that
p1 = Typo.

Definition: Monge problem, Monge (1781)

If we further assume pp and ;1 are absolutely continuous w.r.t. Lebesgue measure, then
we can find an “optimal” mapping, satisfying

inf /C(Xo,T(XO))d/L()(Xo),
Typro=p1 J &y

for a general cost function ¢ : Xy x X7 — R™.

The optimal mapping is denoted T7*.
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Optimal Transport plans

In general settings, however, such a deterministic mapping T* between probability
distributions may not exist.

Kantorovich relaxation, Kantorovich (1942)
The Kantorovich relaxation of Monge mapping is defined as

inf / c(xo, x1)m(dxo, dx1),
m€M(po,m1) J Xy x X

for a general cost function ¢ : Xy x X; — R™ and M(uo, p1) the set of all couplings of
po and pu;.

This problem always admits solutions and focuses on couplings rather than deterministic
mappings.
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Univariate Optimal Transport Map

Suppose here that Xy = X is a compact subset of R.

As shown in , the optimal Monge map T~ for some strictly convex
cost ¢ such that T3ug = i1 is:

cdf associated with g

T"= F'o F,

generalized inverse (quantile function) T
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Mitigation for a Scoring Classifier (2)

°
3
®
)
g 3
L.
s 3
g
b o
S
T T T T T 1 3
— T
00 02 04 06 08 10 00 02 04 06 08 10
Score distribution Score distribution, S=A

Ewen Gallic | & egallic.fr | SUMM 2025, Montréal

Individual in group A with
score §(A) =60% :
corresponding to quantile a

A

(here F\?\S:A(b) = 47)

In group B, this corresponds
to
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Mitigating Discrimination with (Wasserstein) Barycenters

To get a fair model w.r.t. the sensitive attribute, we can consider an average:

A

_ Al - 9(A) + Bl - Foi_g [Fois=aG(A)]

o o o
< g S
w0 g 3 g3
g H H
2 g
g o & o
< s °© T °
=i 2 1
2 5 23
£ o 3 °
0 -] s
= e e
8 o S & o o
=3
3 o o o o
T T T T T 1 S o =) S
0.0 0.2 0.4 0.6 0.8 10 0.0 02 04 06 08 10 0.0 02 04 06 08 1.0
Score distribution Score distribution, S=B Score distribution, S=A
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Counterfactual Fairness

Similarity fairness is achieved if for all i # j such that x; = x; and s; # s;, then:

m(x;,si = A) = m(xj,s; = B)

. build on the idea of counterfactuals: “What would this woman
earnings would have been had she been a man?"
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Counterfactual Fairness in Brief: Links with Causal Inference

Sex Name  Treatment Height
ti Yitea Yites Xi
1 H Alan A 75 64 172
2 F  Britney B 67 52 161
3 F Aya B 71 57 163
4 H Amir A 78 61 183
Difference in the (or If s = A:
treatment effect): -
the is ¥ T a
the is Vi1 p

J— * *
= VYiTeB T YiTeA

For More details on causal inference, see, e.g.,

Ewen Gallic | & egallic.fr | SUMM 2025, Montréal

50 / 58


https://egallic.fr/

Mathematics Meets Morality:Fairness Through a Mathematical Lens
LMitigation

Counterfactual Fairness in the ceteris paribus case

Counterfactual fairness is achieved, on average, if:

ATE=E[ Ye. 4 — Ye. B}:o

A decision satisfies counterfactual fairness if “

Counterfactual fairness for an individual with characteristics x is achieved if:

CATE(x) =E [ Ysen — Youp | X= x} -0
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Counterfactual Fairness in the mutatis mutandis case

The protected attribute may affect another variable in a manner accepted as
non-discriminatory (resolving variable, ).

The version of the CATE writes:
E|Ysca | X=x|-E|Yscs | X=x5_5|

transported characteristics T

In this version, X | A is transported to X | B (see

. ; ), according to an
assumed
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Three Situations

We can consider three situations where the sensitive attribute is not fed to the model:

The variable is deliberately excluded from the model:
— usually a bad idea (see the following example).

The sensitive attribute is : we can try to infer it in a separate
model: e.g., “Bayesian Improved Surname Geocoding” (BISG) algorithm

Opting out: people decide to voluntarily prevent some of their characteristics to be
used: may result in strong biases (not explored in this talk).
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Why not Removing the Variable?

Why not removing the sensitive attribute (e.g., race) and make the model
?

m If other variables in the model are correlated with it (proxy variables), the model may
still exhibit disparities with respect to the sensitive attribute.

m And in the context of * ,"" it is easy to get proxies for the sensitive attributes.

y urban age race y urban age zip lastname credit
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[[lustration

Let illustrate this with an example from

On a French motor dataset, average claim frequencies

are 8.94% (men), 8.20% (women).
Consider some logistic regression to estimate annual
claim frequency, on k explanatory variables

Men Women

k=20 8.68% 8.68%
k=2 8.85% 8.37%
k=38 8.87% 8.33%
k=15 8.94% 8.20%
empirical 8.94% 8.20%
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Fairness With Uncollected Attribute

Ewen Gallic |

Sometimes, the information about a sensitive attribute is not known by the modeler
(often for legitimate reasons, such as privacy).

m Race is often by insurers

However, to assess the fairness of a model w.r.t. some sensitive attribute, access to
that sensitive attribute is required:

have emerged
, using surname, first name, and geolocation data
from an aggregate source (the USA Census data).
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Conclusion

Certain forms of discrimination, even if they have predictive value, are not socially

acceptable.

Protected attributes evolve with societal changes.

Without addressing algorithmic fairness issues: having fair model is illusive.

Not collecting and not using protected attributes is clearly not a good strategy.

This field still requires substantial further research!

Agathe Arthur Marouane
Fernandes Machado Charpentier I ldrissi
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