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Motivations

ENDING RADICAL AND
WASTEFUL GOVERNMENT
DEI PROGRAMS AND

PREFERENCING

HITHH

ENDING ILLEGAL
DISCRIMINATION AND
RESTORING MERIT-
BASED OPPORTUNITY

Executive orders 14151 (“Ending Radical and Wasteful Government DEI Programs and Preferencing” Jan 20, 2025) and 14173 (“Ending lllegal
Discrimination And Restoring Merit-Based Opportunity” Jan 21, 2025)

Ewen Gallic | # egallic.fr | Séminaire interne CRM-CNRS, Montréal 2/72


https://www.whitehouse.gov/presidential-actions/2025/01/ending-radical-and-wasteful-government-dei-programs-and-preferencing/
https://www.whitehouse.gov/presidential-actions/2025/01/ending-illegal-discrimination-and-restoring-merit-based-opportunity/
https://www.whitehouse.gov/presidential-actions/2025/01/ending-illegal-discrimination-and-restoring-merit-based-opportunity/
https://egallic.fr/

Algorithmic Fairness Through Counterfactual Analysis and Optimal Transport
L Context

Broad Framework

We want to make on an outcome
variable (e.g., claim frequency, loan default risk,
recidivism).

To do so, we use a , or a

machine learning model fed with

To comply with regulations, we want to obtain
a model that with
respect to a sensitive attribute.

Digital illustration of fairness and machine learning generated
using DALL-E 3. Retrieved from ChatGPT Interface.

Ewen Gallic | & egallic.fr | Séminaire interne CRM-CNRS, Montréal

3/72


https://egallic.fr/

Algorithmic Fairness Through Counterfactual Analysis and Optimal Transport

L Context

What is Discrimination? An Economic Perspective

In economics, following
situations in which individuals are treated differently based on

attributes such as race, gender, etc., rather than their
productivity or other relevant characteristics.

[ (or taste-based discrimination):
intentional discrimination, where individuals are treated
differently explicitly because of a protected characteristic.

[ ] . policy, practice, or decision that appears
neutral on the surface disproportionately affects members of a
protected group, even without intentional discrimination.

From a Law perspective: Vs. discrimination
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What is Discrimination? A Statistical Perspective

(see, e.g.,

): individuals are treated differently based on group-level
statistical averages, rather than their individual
characteristics. They do not arise from prejudice or bias but
from
and using group membership as a for individual traits.
Some forms of discrimination are considered unacceptable

. separating or classifying observations into
distinct groups based on measured characteristics. In this
context, discrimination is purely a statistical operation with
no connotation of social bias or inequality.

However, statistical discrimination may lead to:

m Reinforcement of Biases (through lack of opportunities).
m Legal and Ethical Concerns.
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A Focus on the Actuarial Context: Risk Discrimination

In this talk, we will focus on predictive models rooted in

“To be an actuary is to be a specialist in generalization, and
actuaries engage in a form of decisionmaking that is sometimes
called actuarial. Actuaries guide insurance companies in making
decisions about large categories (teenage males living in
northern New Jersey) that have the effect of attributing to the
entire category certain characteristics (carelessness in driving) that
are probabilistically indicated by membership in the category, but
that still may not be possessed by a particular member of the
category (this particular teenage male living in northern New

Jersey).” ( . p. 4)
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Assessing Risk for Managing Solvency

Ewen Gallic |

To cover future claims, insurance companies must set their premiums.

The pricing exercise boils down to a fair allocation problem in Game Theory

A solution:
m individuals with similar risk levels pay similar amounts ( ),
m those with higher risks pay correspondingly higher premiums ( ).
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Actuarial Fairness:

Py
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Toy Example: Risk Estimation

Assume we want to predict using a Poisson regression model, using
three predictors.

Further assume that the number of claims y has a Poisson distribution with a conditional
mean that depends on some features X according to the following structural model:

E(yi|Xi) = exp (XiB)

contains three features :
A binary variable indicating whether the insured lives in an urban area.
The insured’s age.

The insured’s gender.
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Toy Example: Risk Estimation

The predicted value will thus be:

j}(man) = exp {/80 + éllurban + B2age + 33}
f/(woman) = exp [BO + Bllurban + /32age]

Hence:

y(man) = exp {50 + B1lurban + aage + 3 lman:| = y(woman) - exp[fs]
I iy

x e ceteris paribus
If 53 is small, e’ ~ 1+ B3. Thus, if 3 = 0.2, it corresponds to +20% for men.
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Toy Example: Risk Estimation

In the toy example, the estimates indicate that men are at higher risks than women:
m Gender is a statistical predictor.

With such insight from the data, should the premium paid by men to an insurance
company be higher than that paid by women?

In other words, should the insurance company discriminate by gender in such a
context?

m risk-based discrimination

m discrimination w.r.t. a sensitive attribute.
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Policymakers Point of View: Europe

Europe: Court of Justice of the European Union — 2011

through )
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Policymakers Point of View: Québec

Québec: Charte des droits et libertés de la personne (C-12, Article 20.1)
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Fair Discrimination in Insurance: an Oxymoron

on the one hand, policy makers
treat their insureds equally, without discriminating
race, gender, age, or other characteristics, even if it makes statistical sense

]
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Individual Characteristics

In our example, gender may be a statistical predictor, but from the European
legislation perspective using it leads to a

Here, gender is not a . It does not reflect
In the era of and , a naive solution consists in
hiding the sensitive attribute, and use a trained on

additional (hopefully behavioral) data:
m explicability issues

m proxy discrimination issues
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Individual Characteristics
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Individualization, Actuarial Fairness and Accuracy

We can also question the "accuracy” of individual predictions.

Recall that following

But, with different models and different portfolio, we can have different premiums.

m There is no law of one price in insurance.

: [
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Individualization, Actuarial Fairness and Accuracy

Premiums are based on an that maximizes
= arg min or = arg min
vER yER

i.e., we want to minimize the error between observed loses y and predictions y.

m If the prediction is a binary outcome y € {0,1} (e.g., accident, default), it is hard to
assess if § = 8.2740164% is accurate or not.
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Individualization, Actuarial Fairness and Accuracy

Does accuracy for a single individual make any sense?
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Individualization, Actuarial Fairness and Accuracy

Is the predicted value well estimated? *

If 40 out of 100 in this group are found to have the

disease, the risk is

If 10 out of 100 in this group are found to have the

disease, the risk is
The prediction M(X) of Y is a

E[Y | J=0, vy
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Individualization, Actuarial Fairness and Accuracy

A model will be:
Globally if:

Locally well balanced, or if:
E[ Y | | =E[Y | 1=y v

For more details on calibration see
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Road Map

1] Context

N

Quantifying Unfairness

3| Counterfactuals with Sequential Transport

4 Counterfactuals for Categorical Data

@
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What is Algorithmic Fairness?

Let m: X — ) be a predictive model that predicts an outcome Y (e.g., claims)
w.r.t. a sensitive attribute S € S (e.g., gender, race) using features X.

Regulations may prohibit on the sensitive attribute, requiring m to
be fair w.r.t. to S.

Approaches to and, if necessary, the unfairness of model
predictions Y = m(X) for S:

L . compare Y between groups defined by S, e.g., salary for males vs.
salary for females

] : focus on a specific individual in the disadvantaged group

] : causality-based fairness
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Mitigation

Some techniques can be used to prevent models from perpetuating biases with respect
to the sensitive attribute. These techniques can be applied at several stages

. transform source data to remove biases before model training.
: modify algorithms to embed fairness constraints during training.

. alter models after training to correct unfair outcomes.
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How Can Fairness be Quantified?

We would like to of a m(-) trained on a set
{(yi, xi,si)}!_1, where y is the value to predict (i.e., the outcome), x is a set of
(unprotected) predictors, s is a protected attribute, and i € {1,..., n} denotes an
individual.

The outcome may be:
(classification task):
m §; = 1(/m(x;,s;) > threshold) € {0,1}
(regression task):

m(x;,s;) € [0,1]: a score

[
=
|

m(x;,s;) € R: a premium

[
=
I
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Group Fairness Metrics in a Nutshell

sensitive sensitive

LE[V | S=A] = E[V | $=8]
SE[V | ,S=A] = E[V | , S=B],Vy
SE[Y | ,S=A] = E[V | , S=B],Vu
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[llustration With the COMPAS Dataset

Ewen Gallic |

The algorithm “Correctional Offender Management Profiling for Alternative

anctions” attributes a score to each convicted individual in some states in the
U.S.A, to estimate the likelihood of them committing a crime again if they are
released from prison.

This scoring classifier uses more than 100 predictors.

Race is not one of them. However, when looking at the predicted values of the
model, claimed it was biased against Black people.

The dataset they used is now available in an R packages: fairness.
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Equality of False Positive Rates?

looked at the g1 Black e

: Did not
For Black people , among those who . & o
did (v), 42% were ;

(5 #9). P
For White people , among those who §
did . 22% were T BT
Since 42% > 22%: : . o o
Risk Category
P | , S = Black | = 42%=P][ , S = White | = 22%
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Another Metric, Another Result...

(recidivism rate at each risk level) Loa

For Black people , among those who . &

were ), ;

35% did ).

For White people , among those who §

were . 40% T E

did . N B ao%
Since 35% ~ 40%: : S S

Risk Category
P | , S = Black | = 35%=P][ , S = White | = 40%
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Adjusting the Probability Threshold

We focus on (y € {0,1}).
—P| | S=A] = P| | S=B]
These decisions are usually based on , using a
—P| >7| S=A] = P| >7| S=B]

Demographic Parity can be achieved

— P[ >7a | S=A] = P| > 78 | S=B]
It is then usually impossible to achieve with this strategy.
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Counterfactual Fairness

" (John F. Kennedy, EO #10925, March 6, 1961)

" (Justice Harry Blackmun, Regents of Univ. of Cal. v. Bakke, 438 U.S.
265, 407, via )

" (Chief Justice John G. Roberts, Jr, Parents
Involved in Community Schools v. Seattle School District No. 1, via

)
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Counterfactual Fairness

Similarity fairness is achieved if for all i # j such that x; = x; and s; # s, then:

m(x;,si = A) = m(xj,s; = B)

. build on the idea of counterfactuals: “What would this woman
earnings would have been had she been a man?”

Ewen Gallic | & egallic.fr | Séminaire interne CRM-CNRS, Montréal 33 /72


https://egallic.fr/

Algorithmic Fairness Through Counterfactual Analysis and Optimal Transport
LC)uamtifying Unfairness

Building Counterfactuals

Consider the height of females and males.
What is the counterfactual of a female
with height 170cm (=5" 7") had she
been a male?

Within the distribution of females, this
corresponds to a quantile leve
a = 84.8%.

® Fremale(170) = 84.8%. | T T T T |

150 155 160 165 170 175

height distribution (F)
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Building Counterfactuals

The corresponding quantile in the
height distribution of males is:
m F 1 (84.8%) = 184cm (= 6').

male

Ewen Gallic | & egallic.fr | Séminaire interne CRM-CNRS, Montréal
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35/ 72


https://egallic.fr/

Algorithmic Fairness Through Counterfactual Analysis and Optimal Transport

LC)uamtifying; Unfairness

Building Counterfactuals

Counterfactual of a 170cm (=5" 7") female
had she been a male?

T*(170) = ( F,.}. © Fremale )(170)
=184 cm (~ 6).

165 175 185 195

height distribution (M)
165 175 185

1T T T T 1
150 160 170

height distribution (F)

Py
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Optimal Transport and Monge Mapping

: how to find the best way
to transport mass from one distribution to
another while minimizing a given cost.

It involves constructing a
(coupling) between two marginal probability

measures .

Consider a measure pg (resp. u1) on a metric From : Mémoire sur
space Xy (resp. X1). The goal is to move every  |a théorie des déblais et des
elementary mass from pg to pq in the most remblais.

“efficient way.”
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Optimal Transport and Monge Mapping

Definition
Let Xy and X7 be two metric spaces. Suppose a map T : Xy — A7

The push-forward of o by T is the measure p11 = Ty puo on X7 s.t.
VB C X, T##O(B) = /.Lo(T_l(B))

Proposition

For all measurable and bounded ¢ : X1 — R,

[, #b) o) = [ @(T()) dpofoo)

XD

Ewen Gallic | & egallic.fr | Séminaire interne CRM-CNRS, Montréal 38 /72


https://egallic.fr/

Algorithmic Fairness Through Counterfactual Analysis and Optimal Transport
LQuantifying; Unfairness

Optimal Transport and Monge Mapping

Proposition
If Xy = X} is a compact subset of R? and Wo is atomless, then there exists T such that
p1 = Typo.

Definition: Monge problem, Monge (1781)

If we further assume pp and ;1 are absolutely continuous w.r.t. Lebesgue measure, then
we can find an “optimal” mapping, satisfying

inf /C(Xo,T(XO))d/L()(Xo),
Typro=p1 J &y

for a general cost function ¢ : Xy x X7 — R™.

The optimal mapping is denoted T*.
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Optimal Transport plans

In general settings, however, such a deterministic mapping T* between probability
distributions may not exist.

Kantorovich relaxation, Kantorovich (1942)
The Kantorovich relaxation of Monge mapping is defined as

inf / c(xo, x1)m(dxo, dx1),
m€M(po,m1) J Xy x X

for a general cost function ¢ : Xy x X; — R™ and M(uo, p1) the set of all couplings of
po and pu;.

This problem always admits solutions and focuses on couplings rather than deterministic
mappings.
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Univariate Optimal Transport Map

Suppose here that Xy = X is a compact subset of R.

As shown in , the optimal Monge map T~ for some strictly convex
cost ¢ such that T;ug = i1 is:

cdf associated with g

generalized inverse (quantile function) T
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Counterfactual Fairness in Brief: Links with Causal Inference

Sex Name  Treatment Height
ti Yitea YiTes Xi
1 H Alan A 75 64 172
2 F  Britney B 67 52 161
3 F Aya B 71 57 163
4 H Amir A 78 61 183
Difference in the (or If s = A:
treatment effect): -
the IS YiTina
H *
= YTeB — YiTea the S YiTeB

For More details on causal inference, see, e.g.,
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Counterfactual Fairness in the ceteris paribus case

Counterfactual fairness is achieved, on average, if:

ATE=E| Ye. 4 — YSFB} -0

A decision satisfies counterfactual fairness if “

Counterfactual fairness for an individual with characteristics x is achieved if:

CATE(x):IE[YSHA ~ Ysup |xzx} —0

Approach based on
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Counterfactual Fairness in the mutatis mutandis case

The protected attribute may affect another variable in a manner accepted as
non-discriminatory (resolving variable, ).

The version of the CATE writes:
E|Yscn | X=x|-E|Yscp | X=x5 5]

transported characteristics

In this version, X | A is transported to X | B (see ;
; ; ), according to an

assumed

In , we propose to unify the &
approaches, using a approach.
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Graphical Models and Causal Networks

A Directed Acyclic Graph (DAG) G = (V, E) models relationships between
variables as nodes (V) and edges (E) X

Such a causal graph imposes some ordering on variables, referred to as
“topological sorting” . Here,

S—X—=>X1—>Y.

The joint distribution of X = (Xi, ..., Xy) satisfies the Markov property:
d

Plxt, -+, xa] = [ ] Plx|parents(x;)],
j=1
where parents(x;) are the immediate causes of x;.
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Counterfactual for Non Linear Models

From , let C, X, E be absolutely continuous, and consider i where
E; = hj(parents(E;), U;) with parents(E;) = x fixed.

Define hjj(u) = hi(x, u).
ei = hj|x(u;) represents the conditional quantile of £; at probability level u;.

Its counterfactual counterpart e is the conditional quantile (conditioned on x*)
at the same level u;.

uf Uj( 'iE C = he(Uc) ”j( LLE C =c (ordo(C = c))
C—X—E X = hx(C, Ux) c — X* = E* X& = hy(c, Ux)

NS E = ho(C, X, Ug), N Er = he(c, X2, Ug),

where u+— hc(-,u), u— hy(-,u) and u +— he(-, u) are strictly increasing in u, Uc, Ux
and Ug are independent, supposed to be uniform on [0, 1].
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Topological Ordering (1/4)

Step 1: Assuming a causal graph G.
Step 2: Derive the topological ordering from the DAG:

Knothe-Rosenblatt

rearrangement Ti(xl)
, inspired by the g*(X2|X1)
Rose.nblatt d‘llaln rule: Tir(x1, - xd) =
provides the “monotone lower "
. " i : Tdfl(xdfllxh “,Xd-2)
triangular map” (“marginally ?( | )
. " X X o oe. X _
optimal ) d\Xd | X1, y Xd—1

— Sequentially mapping X|S = 0 to X|S = 1 by conditioning on each preceding node in
the topological order.
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Topological Ordering (2/4)

Sequential Transport extends the Knothe-Rosenblatt map to transport individuals
from X|S = 0 to X|S = 1, while respecting any assumed underlying causal graph.

The sequential conditional transport on graph G writes:
T1(x)
T3 (x2| parents(x2))
To(xa, - s xd) = :

Ty y(xa-1| parents(xs_1))
T} (xq| parents(x4))
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Topological Ordering (3/4)

sex s housmg
/ duration
default
savmgs
% credit > purpose Step 1: Asusming a causal graph G.

age

Causal graph in the German Credit dataset from
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Topological Ordering (4/4)

cex s housing x4 Step 2: sequential conditional
/ duration xg transport based on a topological
\/ Al ordering:
job xo savings x3
e T (x)
credit xg> purpose xy T3 (x2x1)
agex” T3 (x3|x1, x2)
TE(x1, -, x7) = T (xa|x2, x3)
T2 (xs|x1, X2, Xa)
Causal graph in the German Credit dataset from Tﬁ*(X6|X3,X5)

T7(x7|x1, Xa, X5, X6)
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Transport x; | s From Group 0 to Group 1

<t —
=
AN — = g'
o <
o 2
° s °
AN | =) o™
| 3 <Ir |
<« = T T 11
- [2)
I 5 -4 0 4
| | | |
4 2 0 2 a4 distribution (group 0)

Sequential Transport (simulated data). Red square: multivariate OT. transport x; | s .
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Transport x; | x;, s From Group 0 to Group 1

"] /l\“\_
=
I
o~ o g—
o < -3 5
o 2 -
\ 7/4& s °
N > = ™
. = s . .
Q0 |
4 = I
Y - @
5 -4 0 4
| | | |
4 2 0 2 a4 distribution (group 0)

Sequential Transport (simulated data). Red square: multivariate OT. transport x; | x1, s
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Code

This can be easily done with our @ functions from our small package:

remotes::install_github(

repo = "fer-agathe/sequential_transport", subdir = "seqtransfairness")
library(seqtransfairness)
sim_dat <- simul_dataset() # Simulate data
variables <- c("S", "Xi", "X2", "Y")
adj <- matrix(

#S X1 X2Y

c(0, 1, 1, 1,# S

0, 1, 1,# X1
0, 0, 0, 1,# X2

0,0, 0 #Y

>

),

ncol = length(variables), byrow = TRUE

dimnames = rep(list(variables), 2))
# Sequential transport according to the causal graph
transported <- seq_trans(data = sim_dat, adj = adj, s = "S", S_.0 =0, y = "Y")
predict (transported) # Transp. values from S=0 to S=1, using the causal graph.

Py
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Interpretable Counterfactual Fairness

Now, assume a logistic regression model was fitted on the simulated data and returned
scores according to:

m(x1,%,5) = (1+exp [~ ((a +x)/2+1(s =1))]) .

X1

Observation: (s=0,x; = —=2,x = —1) / L \
Prediction : m(0, -2, -1) = 18.24%. \ X, /
Pred. with Seq. T : m(s = 1,x7,x7) =61.4% w
Pred with OT : m(s = 1, x5, x3) — 56.5% Assumed causal structure.
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Counterfactual assuming X, is caused by X

I I I I I I I I I I
-4 -2 0 2 4 -4 -2 0 2 4
Predictions by m of: the observation using factual (left), counterfactual (right):

counterfactual by Seq. T. (assuming X; — X3) and optimal. transport .
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Decomposition of the mutatis mutandis difference

The

= m(s=1,xi,x)—m(s=0,xi,x2) :—10.66% (cet. par. diff.)

m(s =1,x7,x3) — m(s =1,x{,x2) :+38.18% (change in xz|x]) .
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Counterfactual assuming Xj is caused by X;

-4 -2 0 2 4 -4 -2 0 2 4

Predictions by m of: the observation using factual (left), counterfactual (right):

counterfactual by Seq. T. (assuming X; — Xi) and optimal. transport .
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LCounterfactuals for Categorical Data

What About Transporting Categorical Data?

, we have mentioned a quantile interpretation when

So far, to build
the characteristics to transport, x is
In

= Quantile interpretation

m Mutatis mutandis with DAGs

m or with OT
m or with sequential transport (as previously shown).

How can we handle ?

In , We suggest a method based on

the values of categorical data represented in the
60 / 72
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In a Nutshell

Consider a Xj € {Xj1,---,Xd;} (dk categories)

Which can also be denoted, x; € [d;], with [d;] = {1,--- ,d;}.

Our suggested methodology, in two steps:

Learn a mapping from X_, (all other features) to Sy (and not the usual [d;]),
using a

Build counterfactuals for the data in Sy, using

s
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Categorical Data to Compositional Data

To predict the labels of x, a probabilistic classifier learns a mapping:

T: X_X—>Sd.

For a multinomial logistic regression model, with a

~ ~

?(X) frnd C(l, exTﬁ2’ P 7eXT/Bd) 6 8d7

where BQ, . ,Bd are the (first category
taken as reference), and where C : Rﬁ’r — Sy is the closure operator:

with 1T a row vector of ones.
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Normal Distribution on the Simplex

Let Xp and X; be random vectors taking c
) ) “ ~100
values in S3, both following a .
" @ -80
k) 60 group
Definition 5 o e 0
“ o 0 . ° .&r-. -40 o 1
X € 8, follow a “normal distribution on the % ‘.':."-t‘ -
. "y o. . . o oo -20
simplex” if, for some isomorphism h, the 2 Tave
. % ; )
vector of orthonormal coordinates Z = h(X) AR S 8 s B
follows a multivariate normal distribution in
RIL, Toy data, n = 61 points in Ss.
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Optimal Mapping

We consider, e.g., the center log ration transform (h =clr):

clr(x) = [Iog f—l, - log XD] ,
Xg Xg
where X, denotes the geometric mean of x.
Hence, we have Zg ~ N(po, Xo) and Z; ~ N (pq, X1).

The writes:
z; = T*(z0) = 11 + A(z0 — 1),

where A is a symmetric positive matrix that satisfies AXyA = X1, which has a
unique solution: A = X, /3 (X8/?E, X8/ x 12

Ewen Gallic | &} egallic.fr | Séminaire interne CRM-CNRS, Montréal 66 / 72


https://egallic.fr/

Algorithmic Fairness Through Counterfactual Analysis and Optimal Transport

LCounterfactuals for Categorical Data

Gaussian Transport

fromOto 1 from 1 to O
C
-100
group
- 0
- 1

Counterfactuals using the clr transformation and Gaussian optimal transports, po — p; (left),
and py — po (right)
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Optimal Transport on the Simplex

Instead of using an isomorphism to represent the data in the Euclidean space an
then apply OT, we can apply OT for measures on Sy using a proper

In the unit simplex, the Monge-Kantorovitch optimal transport problem can be
expressed using the following cost function

onere(s2) ()
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Optimal Transport on the Simplex

The discrete version of the Monge-Kantorovitch problem writes:

min ZZ

PeU(no,nl) i—1 =1

with U(ng, n1) the set of nyg x n; matrices (convex transportation polytope):
no

U(no, n) = { :P1, =1,, and PTl,,o = mlm},

nog, ni: number of observations in group 0 and in group 1.
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Counterfactual

-60

®

Ny
2
A @

Empirical counterfactual of xo 3 (orange square) and path to the counterfactual obtained with
Gaussian optimal transport on the simplex (shown with the line).
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Conclusion

Without addressing algorithmic fairness issues: having fair model is illusive.
Addressing fairness using a sequential approach provides an explainable method.

We suggest using optimal transport on the simplex to build counterfactuals for
categorical data.

Agathe Arthur Marouane Ana Maria

Fernandes Machado Charpentier I ldrissi Patrén Piierez
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